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This note discusses certain aspects of the asymptotic behavior of the gene- 
ralized solution with respect to time of the first order quasi-linear equation 
written in conservation form 
ut +f&) = 0 fuu > 0, (1) 
with initial data u(x, 0) = us(x) where u,,(x) satisfies the conditions 
_l& x{uo(x) -’ u-} - )+lI x{u&) - u+> = 0 
where u- , u+ are constants and u- > II+, and the integrals 
s “, {q,(x) -- u-} dx = Kl , /;{q,(x) - u+} do = K, (3) 
exist. We set Kl + K2 = K. (If fuU < 0, then we assume that u- < u+.) 
It is possible to show that as t --+ 03 the generalized solution of (l), (2), and (3) 
tends to constant values u- and II+ on the left and right sides respectively of a 
region which tends to zero width and tends asymptotically to a straight line. 
In this note we sketch the derivation of the equation of the above mentioned 
line [see Eq. (19)], which is really a shock line. 
After these results were obtained, Professor Oleinik informed the author 
that the same results were obtained by Ilin and Oleinik [I]. However, the 
method presented here is different and, we believe, simpler. 
All concepts concerning generalized solutions, shock speed, etc., and 
definitions of the various functions used are to be found in the paper by 
Lax [2]. 
Equation (1) can be written as ut + a(u) U, = 0 with a(u) =fU(u) and the 
equation of its characteristics are x = a(u) t + y where y is the x-coordinate 
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on the x-axis at which the characteristic starts. The characteristic transmits 
the values u(y) along itself and is a straight line. 
In obtaining the solution to Eq. (1) with more general initial data, Lax 
introduces the conjugate function G: 
G(r) = Max (Min) {UT -f’(u)} (4) 
for f(u) convex (concave). Denoting by u = b(7) that value of u where the 
max (min) occurs, we see that b = G’ and b(a(u)) = u. Lax then finds the 
value yO which minimized the expression 
F(x, t, y) = j," u,,(x) dx + tG (F) (5) 
and states the 
THEOREM. The generalized solution of Eq. (I) with initial data (2) is 
giw?z by u = b[(x -y&l. 
The speed of propagation of a discontinuity, or shock speed s, is given by 
the generalized Rankine-Hugoniot relation as s[u] = [f] where [ ] denotes 
the jump of quantities across the shock curve. 
We first derive a relationship connecting the function G with the shock 
speed s. By the definitions of G and b we have 
G(T) = ,rb(T) -f(bT)). 
Since this is true for any 7, then setting 7 = a, the characteristic speed, and 
using the inverse property of b, we have 
G(a) = au -f(u). (6) 
Here and subsequently the subscripts 1, 2, denote the evaluation of quan- 
tities at the points yi and ya respectively, i.e., G, = G(a,) = G(a(u(y,))) etc. 
Evaluating (6) at yi and ys and subtracting one from the other and using the 
notations G = (Gr - Gs)/(ai - aJ, s = ( fi - fi)/(u2 - ui) we obtain 
Qa, - US) = a,u, - a$$ + s(u2 - @I). 
Adding G * s to both sides and factoring we finally obtain 
(G - u2) (s - a,) = (e - ul) (s - al). (7) 
If for a point P(x, t) there exists more than one value of ys minimizing 
F(x, t, y), then the solution at the point P is not determined uniquely. This 
produces a discontinuity in the solution which produces a shock. The values 
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of yO which actually produce the resulting shock and shock speed are the 
largest and smallest values of y. This is seen by considering the y’s as the 
points on the x-axis from which emanate characteristics carrying u,, values to 
the point under consideration. 
If for a particular point P(x, t) there is more than one ye which minimizes F, 
for example yr < ya, then F(x, t, yr) = F(x, t, ya). Using (5) for the F’s one 
obtains 
Using the characteristics of Eq. (1) and the fact that the coordinates of a 
point of discontinuity caused by the intersection of two characteristics 
emanating from y1 and ya are given by 
t =Ys --Yl Yaal - w2 
a,' 
x= 
a, - a, ' 
expression (8) may be written as 
s 
a 
fJo(x) fix = (Yz - Yl) 6. (9) 
% 
We wish to obtain a simple expression approximating (9) if for yr < o < ys 
bothlYlL IYal are large, which will be true in our case if t is very large. 
We proceed in the following manner: 
e(y, - y1) = I",, {f&) - u-1 dx + j:' (uo(x) - fJ+> dx 
+ s" u-dx + p+dx (10) 
VI 
qy* - Yl) = NY,) + ma> - Yf- + YaU+ (11) 
where K(y,) and K(y,) represent the first and second integral respectively. 
Since for IhI, lhl very 1 ar g e we have by (3), K(y,) + K(y,) + K and 
& -+ {G(L) - G(a+)}/(u- - a,} = G by (2) where K and G are constants. 
We may therefore approximate (11) by 
ys(c: - u+> = K + Yl(C: - u-j. (12) 
As we travel up a shock curve, the intersecting characteristics will emanate 
from two points on the x-axis which move to f 00 as t increases. The tangent 
to a shock curve at the point P(x, t) is given by 
x=st+4 (13) 
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where s is the shock speed at P and C? is the intercept of the tangent with the 
x-axis. We now examine the behavior of R as t + 00. It is obvious from the 
remark made above that 
s - f = {f(u+> -f(u->>/(u+ - U-J = (f+ -f-Mu+ - u-1, (14) 
as t - 00. Substituting the expressions for x and t into (13) one obtains upon 
rearrangement 
(a1 - 4 4 = Y& - 4 -Y& - 4. (15) 
Substituting (12) for y1 in (15), one obtains by using relations (7) 
$=- K(s - 4 
(c: - UJ (a, - a,) . 
(16) 
AS t -+ 00 the various quantities in expression (16) go to their limiting values. 
Denoting lim,,, f = f we have 
f=- K(i - u+) 
(c: - u-) (a- - a,) . 
(17) 
This is the same for all shocks. This, of course, means that all shocks tend 
to coalesce to form one final or asymptotic shock. 
Substituting (14) for s and (6) for G in Eq. (17) one obtains 
K f=------. 
u- - u+ 
Therefore, the equation of the asymptotic shock is x = St + 2 or 
x= (f+-t-1, 1 
(u+ - U-J 
K . 
u- - u+ 
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